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Chapter two

In this introductory chapter will study Course description
for second course written in renewable energy
department.
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Review of Inverse functions and inverse trigonometric
functions.

In every day language the term (inversion) conveys the
idea of a reversal. For example in meteorology a
temperature inversion is a reversal in the usual
temperature proper

Definition:

The function f has inverse (denoted by f~1) if is

onto and one to one function and

@) =) =x.

Example:

Find the inverse of y = f(x) = 2x + 3.
Solution:
Since y = 2x + 3 is one to one and onto (check)

Then f~1(x) exist.

_y3 ~1(,) = X3
x=—>-=f"(x) ==

_ x—3 x—3
Faen = f () =2() + 3=
~ f(f7H) = x.
fY(f(x)) =x (check)
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Example:

Find the inverse of y = x2,x > 0.
Solution:
Since y = x2,x = 0. is one to one and onto (check)

Then f~1(x) exist.

x =y~ ) =X

FUT 6N = F(VR) = (V%) =x
@) = = = x

Conform of each of the following,.

1-The inverse of f(x) = 2xis f~1(x) = %x (cheak)

1
2-The inverse of f(x) = x3 is f~1(x) = x3. (cheak)

Inverse Trigonometric functions

A common problem in trigonometry is to find an angle
whose trigonometric functions are known.

properties:
1
1—cscx =——
sinx
1
2 —secx =

cosXx
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sinx
3 —tanx =
COSX
1 COSX
4 — cotx = =

tanx  sinx
5 —sec?x —tan’x =1
6 — cscix — cot’x =1

7 — tanx cotx = 1

Theorem:
1
1—sec™(x) = cos™? (—)
X
Proof (1):

Let y = sec1(x)
sec y=sec sec 1(x)
o x = secy

1
Cosy

o x =

1
© cosy = -

1

cos™t cosy = cos™! -
X

()
— = —
y =cos™ (=
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sec l(x) = cos‘l(;)

2 —csc™(x) =sin™? (%) (check)

1 T
3 —sin~Y(x)+cos™?! (—) =—
X 2

Proof (3):

Let y = sin"1(x)

siny =sin  sin”1(x)

© X = siny
<—>x=cos(g— )

cos ™ (x) = cos™" cos (5~ y)

T
cos™H(x) = 5=

s
ocosTix)+y = 5

T
o cos 1(x) +sin"1(x) = >

4 — cos Y (—x) =m — cos™1(x) (check)

5 —sec™(—x) = —sec™1(x)
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Proof (5):
Let y = sec™1(—x)
secy =sec sec”!(—x)
sec (y) =—x
o x = —sec (y)
o —x=—sec (m—y)
sec™1(—x) = —sec tsec (m—y)

seci(—x)=m—y

o sec (—x) = m — sec 1(x).

IA
=
IA

6 — sin(sin1(x)) = x —

N[
IN
=
IN
N =

7 — sin™! (Sin (x)) =X —

T
8 —tan t(x)+cot™1(x) = >

Example:

Find the domain and Rang of sin~!(x) and sketch
Solution:

f(x) =sin"1(x) © x = siny

f(x) = sin™"(x) is one to one on — < x <

NS
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T T
r= =Y =3
sin~1(0) =

-x/_ «
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Properties:

1— sin(sin"x) =x

Remark:
f(x) =sin"1(—x) = —sin™1(x)
Proof:

y = sin"1(—x)
siny =sin  sin~1(—x)
© —x = siny
© X = —siny
< x = sin(—y)

sin~i(x) = —y
y = —sin~1(x)
sin~1(—x) = —sin"1(x)
Example:

Find the domain and Rang of cos~1(x) and sketch
Solution:

f(x) = cos™1(x) © x = cosy

f(x) = cos™1(x) is one to one on [0, 7]

Df=-1<x<1.
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Rr=0<y<m.

1

x sin~1— = cos 1x

R I ¥

x cos (cos™1x) = x

—1
1

* coS 1— = sec 1x
X

Example:

Find the domain and Rang of tan~!(x) and sketch
Solution:

f(x) = tan"1(x) © x = tany

— tan—1(x) i o
f(x) = tan™"(x) is one to one on (2 ,2)

10
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—TT
Rf=7S)/S

ST

Remark:
f(x) = tan 1(—x) & —tan1(x)
Proof:

y = tan~1(—x)

tan y=tan tan"!(—x)

© —x = tany
o x=—tany

< x = tan(—y)

11
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o tan"1(x) = —y

o~ —tan~1(x) = —tan"1(—x)
Remark:

tan‘1% = cot™1x

Example:

Find the domain and Rang of cot~1(x) and sketch
Solution:

f(x) =tan"1(x) © x = coty

f(x) = cot™1(x) is one to one on (0, )

Df =Ror —o < x < o,

Rf = (0, T[).

ol Ny
S
L1

n
4

12
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Example:

Find the domain and Rang of sec™!(x) and sketch
Solution:

f(x) = sec™1(x) & x = secy

f(x) = sec™1(x) is one to one on [0, 7]

De ={x:x =21} Uu{x:x < -1}

R —1T T T
=102 21"2
)T.
J ) et l !
n
—1 0] 1 o
Example:

Find the domain and Rang of csc™1(x)and and sketch

Solution:

f(x) = csc™1(x) & x = cscy

13
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f(x) = csc™1(x) is one to one on[_?”,gl /{0}.

D ={x:x 21} U{x:x < -1}

(8] B

Derivative of inverse Trigonometric functions.

Here we will use implicit differentiation to obtain the
derivative formula for y = sintu, cos~u, tan™1u,

cot tu, sec™'u and csc™u.

1 4 sinty = — 2 (-1<u<1l)
—osinTlu = — u .
d —du

2 ——coslu = —— (-1<u<l).

du V1 — 12

14
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3 — itan lu = du
du 1+ u?

4 ——cot™tu = —du
du 1+ u?

S—isec lu = du lu| > 1.
du lul[vuz — 1

6 — icsc ly = —du lu| > 1.
du lulvVuz — 1

Example:

fmd — for the function y = sin “1(x)

Solution:
B d du (-1<u<1l)
—sin~ u = — — u .
Y du V1 — 42
dy . 1 _ 1
dx Sin X = '—1—x2
Example:
1
fmd — for the function y = sin -1 =
Solution:
i Pap— | _ du .
By L SimTuU = — 1<u<l.
d_y . —1..—3 __ —3x‘4
S SinTx T = V==L

Example:
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. . d
if y=cos lsecx find d—z

Solution:

Bv- d . —du

@ e

d 1 —secx tanx

—CcoS~ 'secx =

du \/1—(secx)2

Example:

find Z—z if y=cos™! G)

Solution:

e (5) = —=()

—— oS — | =

dx X 132 \x?
1- ()

Example:

. Ldy . _
find ﬁ if y=tan"tcscex

Solution:

.4, -1, _ _4du
By: —tan™ u = _——
dy —CScx cotx
—tan~ "cscx = >
dx 1+ (cscx)
Example:

find Z—Z if v=cot™(x+1)

16
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Solution:
.4 -1, _ —4u
By: ——cot™u=_—7
dy —
—_ t_l 1 =
dx ° (x+1) 1+ (x+ 1)2

Example:

. dy _
find d—i if y=cot™'x? cosx

Solution:
. 11_ -1 ___-—du
By: du cot “u = 1+u?

dy -1 .2 -1 .2 .
—cot "~ x cosx = cot “x“(—sinx) + cosx
dx ( ) 14(x2)2

Example:

find Z—i’ if y=sec™1(et®™¥)

Solution:
. _fl_ -1 _ du
By: 2 SECT U = lu| > 1.

(Secx)z etanx

|etanx| /(etanx)z_l

d_y —-1,tanxy _—_
——sec (e ) =

Example:

find 3—2; if v =csc™(cscx)

Solution:

17
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—du

By: %csc‘lu = lul > 1.
d_y cse-1(csex) — cscx cotx
dx lesex |/ (esex)? — 1
Example:
find Z—z if y=sin(tan™1x3)
Solution:

%Sin(tan_1x3) = cos(tan™'x?). 1+3(fc23)2
Exercise:

1—y=sin"1 (x3 — i) find %
2-find % if y=[cos™1(2x%+ 3)]3
3-find % if y = tan~1(sinx + cosx)
4-find % if v =sec™!(xVcosx)

5 — find Z—i if y= Sec(tan‘li)

6 — find Z—i if y = cot(tan™1x)

7 — find Z—i if v =tan(tan12x)

18
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2-Hyperbolic functions

In this section we will study certain combination of
e* and e™* called hyperbolic functions these functions
which arise in various engineering applications have
many properties in common with the trigonometric
functions.

Definition:

eX—e™X

Hyperbolic sine is — sinhx =

eX+e X

Hyperbolic cosine is — coshx =

sinhx eX—e X

Hyperbolic tangent Is — tanhx = —— = ———

coshx eX+e™X

Hyperbolic cotangent is — cothx = —

sinhx eX—e=X

1 2

: TN _ _
Hyperbolic secant Is — sechx = —— = ———

: _ ) ,
Hyperbolic cosecant is —» cschx = —

sinhx eX—eX

19
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Example:

Find sinh x if x=0.

Solution.

e e
sinh(Q = = = = 0.

Example:

Find cosh x if x=0.

Solution:

ho_ex+e_x_e°+e_°_1+1_
oS =TT T ~
Example:

Find sinh x if x=2.

Solution:

e —e
sinh2 = ——— =~ 3.6269.

Example:
Find the Hyperbolic secant where the angle is

Solution:

- = 1 2
- = =
Hyperbolic secant Is - sechm = —— = ———

20
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3-Derivative Hyperbolic functions

The derivative formulas for Hyperbolic functions can be
obtain by expressing.

Theorem.
1 nhx = coshu
delTl X = COS udx
2 h = sinhu ™
dXCOS u=Ssmn udx
3- L anhu = sechtu ™
dx annu = Sec udx
4 thu = —cschtu
dXCO u = CcSC udx
d du
5 ——sechu = —sechu tanh u—
dx dx
6 hu = — eschucothu
dxCSC u = cscnuco udx
Remark:

cosh?x — sinh?x =1

Example:

Derivative formula tanhx can be obtained by formulas
for Hyperbolic functions

Solution.

21
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d d sinhx

dx tanhx = dx coshx

coshx i sinhx — sinhx i coshx
dx dx

cosh?x
cosh?x — sinh?x 1 2
= = sech®x.
cosh?x cosh?x

Example:

Derivative formula coshx3

Solution.

— coshx3® = 3x? sinhx?3
dx

Example:

Derivative formula sinhx can be obtained by expressing
these functions in terms of e* and e ~*.

Solution.
d o _d fef—e™\ eft+e™* "
dxsm X = 7 > = > = coshx
Example:

Derivative formula coshx can be obtained by expressing
these functions in terms of e* and e ™

Solution:

22
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d " _d feft+e™™\ et —e™F -
dxCOS X = dX 5 = 5 = sSinnx
Exercise:

Derivative formula for cothx can be obtained by
expressing these functions in terms of e* and e™*

Exercise:

Find the derivative formula for the functions.
1 — y = In tanhx

2 —y = seche3*

tanhx
sech30

4 —y=

3-Inverse Hyperbolic functions and their derivative

The following theorems list the generalized derivative
formula for the Inverse Hyperbolic functions.

Theorems.
, e 1 du
dxsm u = 7 dx
1 du
2 ——cosh™lu = oou> 1.

dx Yuz —1dx

23
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d 4 1 du
S—Etanh u= T2 dx lu| < 1.
d 4 1 du
4—acoth u=1_u2 T lu| > 1.
d 1 1 du
S—Esech u:_umdx' Oo<u<l.
6 ——csch™lu = —— . du. u # 0.
dx lu|V1 + u? dx

Example:

Find the derivative formula for tanh~1x?

Solution:

Bdth‘l— 1 du lul < 1
y'dx an u—l_Ude. u :
2X
—tanh™1x?% = .
dx X 1 — (x2)2

Example:

Find the derivative formula for csch™?! i

Solution:
1 du

d ~1
By:acsch u=- u *+ 0.

lulV1+uZzdx

24
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p ’ -1
2
acsch‘lz = — X >
K 1
HV1+ ()
Example:

Find the derivative formula for coth™1cosx

Solution:
Bd th™lu = 1 du lu| > 1
y.dxco u—l_ude. u .
coth™lcosx = _sinx
dx 1 — (cosx)?
Exercise:

Find the derivative formula for the functions.

2
1-y=t h‘l( )
y = 3+x

2 —y = csch™lsecx3

3 —y = cosh™tanx

25
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4-Integration involving inverse trigonometric functions.

Let F(x) and f(x) be two functions related as

d
—F) = f(x)
Then f(x) is called the derivative of F(x)

f(x) is called an infinite integral of F(x) and denoted by

fx) = fF(x)dx.

du un+1
n — +
fu dx n+1 ¢
Remark:
d
—x?=2x. o [2xdx=x*+c
But

d
E(x2+3)=2x. —>'[2xdx=x2+c

C is called a constant of integration.

Example:
1
Find J §x3dx

Solution.
4

fl 3 _1[ 3 _1x4+ i N
sx’dx = [ Pdx =g te=ostc

26
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1
Find j gx‘3dx

Solution.
1 1 x 2
— 3 = — —3 =
jsx dx SJx dx 10

Example:

_ 1
Flrldj(él‘—x4 + 2 )dx

Solution.

+c

1 1
[t [24
NI
1
=ZJx"4dx+J2dx

x—3

=—+42
_12+ xX+c

Example:
Findf(x2 + 2)%dx

Solution.

27
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j(x2 +2)%dx = j (x* + 4x?% + 4)dx

—x5+4x3+4 +
—5 3 X Cc

Example:
Findj(x2 +2)% 2x dx

Solution.

x?+2)3
j(x2+2)2 2xdx=( 3 )+c

5- Trigonometric Inteqrals

We will discuss methods for integrating other kinds of

integrals that involve Trigonometric Integrals.

Theorems:
(. du
1— | sinu—dx = —cosu +c¢
J dx
[ du _
2— | cosu —dx = sinu +c
| dx
[, du
3— | sec‘u—dx = tanu + ¢
| dx
[ du
4 — | csc®u—dx = —cotu + ¢
J dx

28
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f du
5— | secutanu—dx = secu + ¢
J dx
[ du
6 — | cscu cotu—dx = —cscu + ¢
J dx
Example:

1
Evaluate [ sinZxdx

Solution:
[ sin e
SlTlZX X

2 [ Lsind e = —2cos o+
ZSllex X = COSZX C

Example:

3 3
Evaluate [ x%e* cose® dx

Solution.

1 1
5] 3x2e*’ cose* dx = §Sinex3 +c

Exercise:

Find the integral formula for the functions.

1
1— Jr chcx‘2 cotx " ?dx

(

cosx csc? sinx dx

o

29
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Integration involving Exponential

] edu=e* +c.
Example:

Findjezx 2 dx
Solution.

jezx 2 dx =e** +¢
Example:

Find] e?%* sinx dx
Solution.

— j es* (—sinx)dx = —e“* + ¢

Exercise:

Find the integral formula for the functions.

1— [ e®  eXdx

J

1-— Jr e 40 (62 4 4x)2(2x + 4 )dx

30
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Integration involving logarithm

1

j—du = In|u| + c.
u

Example:

xZ
Find | ——— 4
in jx3+10 x

Solution.

1j 37 e = Ml 4101+
3) 3 +10 T3 ¢
Example:

Findjtanx dx

Solution.

—Sinx
jtanx dx = —j dx = —Ln|cosx| + ¢
COSX
Example:

Find j elnsecx  dy

Solution.

Find] elnsecxtanx g, — fsecxtanx dx = secx + ¢

Example:
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3

FindjLnex_ dx

Solution.

ane"_3 dx = jx‘3dx =—+4c¢
Example:

, 3x?
fmdj(x3+10)5 dx

Solution.

(x3 +10)~*

j g —J32(3+10)—5d _
3+ 105 T SA—
Exercise:

Find the integral formula for the functions.

COSX
1— dx
eCOSX

Dl
) ™

Integration inverse trigonometric functions.

We will derive some related integration formulas that
involve Inverse Trigonometric functions.

Theorem.

32
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f du 4
1-— =sin "u+c
J V1 =2
—du
2 — [ =cos tu+c
J V1=2
du 1
3—f1+u2=tan u-+c
—du 4
4_,[1+u2 =cot " u+c
du 4
5—] m=sec lul + ¢
uvuc —
—du 4
6 — =csc "u+c
ju u?z —1
Example:
dx
Evaluate [ ——
Solution.

du 1
By:jl_l_uz:tan u+c

substituting

u = 5x, du = 5 dx.

33
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yields

j dx _1J 5dx —1t 1(5x) +
1+25x2 5) 1+ (5x)2 5 0 WHTE

Example:

Evaluate [ - il

V49y2—-1

Solution.

du
By:j > =sec t|ul+c
uvus —1

substituting

u =7y, du = 7 dy.

yields
dy 1j 7dy 1 .
= — =—sec (7y) +c
]y\/49y2 -1 7JyJayr-1 7
Example:
—dx

Evaluate [ —= =
Solution.

du 4
By:jl_l_uz:cot u-+c

substituting
u = /3x, du = /3 dx.

34
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yields

j —dx 1] —/3dx 1 g
= = co X C
1+3x2 V3) 14+(v3x)° V3

Example:

e*dx

V1—e?X

Evaluate [

Solution.

du
V1—u?
substituting

By =sin"tu+c

u = e*, du = e* dx.
yields
e*dx e*dx
\/1?62)6— \/1—(ex)2_sm (e*) + c.
Exercise:

Find the integral formula for the functions.

—COSX
1— dx
V1 — sin?x
1

R

5

35
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1
_ X
3 j1+lnx2dx
—2
4—[ 2dz
1+ z3
X
5—r dx
N
( —1
6 — dy
) 3y /9y — 1

Integration by parts

In this section we will discuss an integration technique
that is essentially an anti derivative formulation of the
formula for differentiating a product of two functions.

Definition:

The integration dv is the product of the algebraic u

function.
Judv=uv—Jvdu

Where.

u - du

36
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jdv=v

Example:

Evaluate [ x e* dx.

Solution.

u=x —-du=1.dx

dv = e*dx —>Jdv=Jexdx—>v=ex
By: [udv =uv — [ vdu

Jr xe* dx = xe* — j e* dx

[

J xe* dx = xe* — e* + c.

Example:

Evaluate [ x sinx dx.
Solution.

u=x -du=1dx
dv = sinx dx —>jdv = jsinxdx—mf = —COSX
By: f[udv=uv— [vdu

f xsinx dx = xcosx — f —cosx dx

37
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f xsinx dx = xcosx + sinx + ¢

Example:

Evaluate [ x2sinx dx.

Solution.

u=x* -du=2xdx

dv = sinxdx - jdv = Jsinxdx — UV = —(COSX
By: [udv =uv— [vdu

Jr x?sinx dx = —x*cosx + j 2x cosx dx *

Jr 2x cosx dx =?

u=2x —-du=2dx

dv = cosxdx - f dv = f cosxdx = v = sinx
Now:

Jercosxdx =uv—Jvdu

Jr 2x cosx dx = —2xsinx — 2 J sinxdx

Jr 2x cosx dx = —2xsinx + 2cosx + ¢

By *

38
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(

J x2sinx dx = x%cosx + J 2x cosx dx *

(

J x2sinx dx = x?cosx + ( —2xsinx + 2cosx + ¢)

(

J x2sinx dx = x%cosx — 2xsinx + 2cosx + ¢

Example:

Evaluate [ Inx dx.

Solution.

u=Ilnx -du=-dx
X

dv = dx —>fdv=jdx—>v=x

By: fudv=uv— [vdu
(

1
Inx dx = xlnx — rx—dx
J ] " x

(

Inx dx = xlnx — jr dx

—

(

J Inx dx = xlnx —x + ¢

Example:

Evaluate [ x csc?xdx.
Solution.

u=x —-du=1.dx

39
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dv = csc’xdx — j dv = j csc’xdx —» v = —cotx
By: fudv=uv— [vdu

J xcsc?x dx = —xcotx + J cotx dx

—xcotx + In|sinx| + ¢

J xcsc?x dx

Exercise:

1-— Jr x?e*dx

2 — Jr x cosxdx
3 — Jr cosx e*dx

6-Trigonometric substitution

In this section we will discuss a method for evaluating
integrals containing radicals by making substitutions
involving Trigonometric functions.

Case one:

We will connected with integrals that contain
expressions of the form

/aZ — x2

In which a is a positive constant

40
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x=asing, “T/H,<0<T/,

Which yields

Jaz — x2 = \/a? — a2sin?0 = Ja2(1 — sin28)

sin?6 + cos?0 =1

a+/ cos?6 = a|cosB| = acosb,

- —TT T
cosf >0 since /2 <@ < /2
Example (*):
dx
Evaluatej
xX2v4 — x?
Solution.

To eliminate the radical we make the substitution

X
x = 2 sinf - sinf =§
x = 2 sing, dx = 2cos0 do.

This yields
] dx B j 2cos6 do
x2v/4 — x2 (2 sinB)2/4 — (2 sinh)?

2cos6 do _j do B 1] do
(2 sinB)?(2cos8) ) (2sin0)?2 4 ) sin?6

1[ 20do = - to + 1
7] cs¢ =—Z¢0 C (1)
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At this point we have completed the integration.

4 — x2
cotl =
X

Substituting this in (1) yields

j dx B 1\/4—x2+
x2V4—x2_ 4 x

C

2 1
v,
Example:
Evaluat jﬁ dx
valuate
1 X%V4 — x2
Solution.

We can use the result in example (*) with the x-limit of

Integration yields.
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V2
jﬁ dx 1[\/4—952] _V3-1
1 XZ 4—x2 4 X 1 4
Case two:

We will connected with integrals that contain
expressions of the form

Ja?+ x?

In which a is a positive constant

x=atanh, “TT/,<0<T/,
X = atand, dx = a sec?6 dé.
Example:
T
4
Evaluate L = j V1 4+ x2dx
0
Solution.

We can use the case two.

X = tané, dx = sec?6 dé.

YA A

4 4
L=j 1+x2dx=J J1+tan?6 sec?6 do
0 0

z 2
j \sec?0 sec?0 do = f secH sec?0 do
0 0
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VA T

4 1 1 4
f sec30 do = [E secOtanf + Elnlsec@ + tand|

0 0

%[\/E +In(v2 + 1)] ~ 1.148

Remark:

( sec" 2xtanx n—2 ,
1_J sec xdx = — +n_1jsec"_ xdx
2 — Jr sec xdx = In|secx + tanx| + ¢
Case three:

We will connected with integrals that contain
expressions of the form

X2 — a2
In which a is a positive constant

x = asecd, 0<6 S”/Z

X = a seco, dx = a secOtan6 do.
Example:

Evaluate [ @dx

Solution.

We can use the case three.
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x = 5 secx, dx = 5 secxtanx dx.

5 secxtanx dx
5secx

(Vx? — 25 V25sec?x — 25
J x = J

[ 5|tanx|
] Ssecx

5 secxtanx dx

5 Jr tan’xdx

5 Jr(seczx — 1)dx = 5tanx — 5x + ¢

6-Integrating rational functions by partial fractions

In this section we will give a general method for
integrating rational functions that is based on the idea of
decomposing a rational function into a sum of simple
rational functions tat can be integrated by the methods
studied in earlier sections.

Linear factor rule.

1 A B

T x x2T
L1 1
2x3 —8x 2x (x? —4)
1 A B C

= =—+ +
2x (x—2)(x+2) 2x x—2 x+2
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Example:
Evaluate
j x+1 g
x2 —3x+ 2 x
Solution.

x+1 x+1 A s B
x2=3x+2 (x-Dx-2) X-1 x-2

Multiply both side by the denominator (x — 1)(x — 2)

x+1=Ax—-2)+B(x—-1) ——— ()
Letx —2=0- [x = 2].
By substitute in (1)
3 = A(0) + B(1) » [B = 3]
Letx —1=0- [x = 1].
By substitute in (1)
2=A(-1)+B(0) » [4 = —2]

Now

j x+1 q _j A g +f B g
X2—3x+27"") x—1% x—2

j erld—zf 1al+3j L
X2 —3x+27° 7 x—1+ x—2
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f = 2l —1]+3Mnx—2[+
x2_3x+2 X = nix nix C.
Example:
| x
Evaluate [ oo X
Solution:
x? A B C

GrDx—17 x+1 x—1 (@x=12

Multiply both side by the denominator

(x+ 1D(x—1)(x —1)?
x?=Ax—1D?*+Bx+1Dx—-1D+clx+1)——-()
Lletx—1=0->x=1.

By substitute in (1)

1=A4(0)+B(0)+c(2) - [c:%] ——=-1
letx+1=0->x=—1.

By substitute in (1)

1= A(4) + B(0) + c(0) — [Azﬂ————z

Now: By equation (1) and (2) we rusult
1=A+B
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1
B=1-A=1---B=
4—)

S W

(x+1)(x —1)? x+1+x—1+(x—1)2

G—Dx—-12 4X+1 2x-1 2@x-1)7?

j x? d_lfld"'gjld"'ljld
GrDa- 2 T2 ) x 1Y Ty x YT -2

x2 p _11 1 31 " 1 1
j(x—l)(x—l)z =gk gk =l = n Ty te
Example:

x*+1
Evaluate f mdx
Solution:
x2 + 1 A B c

G+2° (x+2) &t xt2)?
Multiply both side by the denominator by
(x+2) (x+2)* (x+2)°
x>’ +1=A(x+2)>+B(x+2)+C (1)
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letx+2=0->x=—-2.
By substitute in (1)
5=4(00+B(0)+C —>c=5

x% 41 Adx Bdx +_[ cdx

Gt = a+2) G122 ) 23

x2+1d 3 dx dx S5dx
_[(x+2)3 x_j(x+2) +f(x+2)2+j(X+2)3

Example:
Evaluate
J x+3 d
2x3 — 8x &
Solution.
x+3 _ x+ 3
2x3 —8x 2x (x2 —4)

_ x+3 —A+ B N c
S 2x(x=2)(x+2) 2x x—-2 x+2

Multiply both side by the denominator by
2x (x —2)(x + 2)

x+3=A(x—2)(x+2)+B2x(x +2) + C2x(x — 2) =

3

Letx = 0 —By substitute in (*) > A =—~
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Letx —2 =0 - x = 2 - By substitute in (*) —>B=1—2

Letx+2=O—>x=—2—>Bysubstitutein(>x<)—>C=1—16
f x+3 _J g +J B g +J C g
2x3 — dx * x—2" x+2 "

jx+3d‘3J1d+15 1d+1 1
2x3—8x T 1) 2 T 1e) x=2 X+ 2

x+3 3 15 1
j—2x3 — 8xdx = —glnIZxI +Eln|x — 2] +Eln|x +2|+c

Type of improper integrals and method of evaluation

In this section we will extend the concept of a define
integral to include infinite interval of integration and
integrands that become infinite within the interval of
integration.

Type of improper integrals:

® 1
1-— JE 1 dx — improper integral
2 "1 d ' int 1
— -
) x¥1 b improper integra

5
3 — j dx — improper integral
1 x—1
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1
4 — JE v 1dx — improper integral
°1 . .
1— | —dx - improper integral
J, x
Information

In 4+ 00 =0

In — oo = donote exisit

In0t = —
In0~ = donote exisit
e* = oo
e =0
tan™1 + z
an 00 = —
2

T
tan ™l —o0 = — —

2

Case (1): [a,+o0)

j;oof(x)dx = lll)rglo Llf(x)dx

lim b=

>0

{ number — converges
+oo,not exisist - diverge

Example:




The Calculus in Renewable Energy Department
Dr. Thamer AL-khafaji

|
nd —d
fin jlx X
Solution:

*1 ot _ z
f —dx - lim | —dx - lim [lnlxl 1]
1

X >0 1 X >0

=llim [[n]l] — In|1]] = lim [In]|l| — 0]

>0

= llimlnlll = In|oo| = oo diverge

Example:

(o]
j e 2% dx
0

Solution:

10’0 l e—2x
j e 2Xdx - lim | e ¥dx - lim
0

>0 0 >0

y e-21+1 e-2°°+1 0+1 1

= —_— —] = —_ = —_= —

l_)g)n 5 5 5 5 5 5 converges
Remark:

eTt® =e =0

Case (2): (-0, + )

f_o:of(x)dx = f_coof(x)dx + Loof(x)dx
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0 l
= lim Jl f(x)dx+lggrnooj0f(x)dx

l->—0c0

Hence notes:

converges + converges = converges
converges + diverge = diverge

Example:

+o0oo 1
fmdf_oo 1+xzdx

Solution:
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l

= lim

dx
1>t )y 1 + x?

=lim (tan™'x|})

>+

= lim [tan™!l — tan™10]

l>+o00

s
lim [tan™1l] = tan™1(+o0) = >

>+ 00

+o00 1 0 1 + o0 1
dx = dx + d
j_m1+x2 x j_oo1+x2 x Jo 1+ x2 x

Case (3):[a,b7]

If f is continuous on the interval [a,b], except for an
infinite discontinuity at b, then the improper integral of f
over the interval [a,b],is defined as.

i FGydx =Tim_y- f) f(O)dx

Example:

1
dx
fo V1 —x

Solution:

11 | !
dx =1irr_1f dx =lim|—2Vv1 —x
.[()Vl—x -1 0\/1—X l_’l[ ]0
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= lim[—-2V1 — [+2]=2

-1

Case (4):[a™.b]

If f is continuous on the interval [a,b], except for an
infinite discontinuity at a, then the improper integral of f
over the interval [a,b],is defined as.

jf(x)dx— lim jf(x)dx

Example:

2 1
fmdfll_xdx

Solution:

31 2 1
dx = | d
L1—x AR T

—l_}im[lnll — x|]?
= lim[ In|—1| + In|1 -]

= limln|1 — | = In|0| = —
-1t

Example:
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1

Inxdx — lim Inxdx
a-0t b

|1

lim (xlnx —x) |

a—0%
= a]ir(r)1+[(ln1 — 1) — (alna — a)]
- a]Lrng[(O — 1) — (alna — a)]

= [(=1) = (0]
= (converge — diverge) = diverge

Example:

2 1
jo —(x DY dx

Solution:

jz;dxajl;dx+Jz;dx
o (x—1)2 o (x—1)2 ; (x—=1)2

1 —1
J @-—nzdx:f(x‘”*d“m

0
_ 1
a}l—gl-j (x — 1)2 Gzt a}g? _I (x —1)2 dx

-1

lim
a->1" X — 1

y (—a _O)+1' (—2 —a)
et \g—1 0—-1) "2 T a o
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lim (———0) + lim, (-2 - ——)

a>1-\g —1 a-1t a—1
diverge + diverge = diverge
Exercise:
1—find jooisdx

. X

3

2—fmdf0x_3dx

3 f'df4 - d

— fin b
1(x—2)2/3

4 — 'dj+oo ! d
fin 0 \/7(96+1) g

2 1
5—fmdj0 mdx
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Sequences and their limit, monotone sequences
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593,

/
15t fem ] 3{d/te[m S e dots means
| (06S on forever (minfe)
natem  Hntem

Il Il

term elment"or member” mean the same thing

Seqguences and their limit:
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Definition:

A sequences is a function whose domain is a set of
positive integers. Specifically,

we will regard the expression {a,,};;Z, be an alternative
notion for the function f(n) = a,, n =123, ......

There are two types of sequence
1-The first type is finite sequence
2-The second type is infinite sequence.

Example:

a, =1{1,2,3} finite sequence
a, = {1,2,3,....} infinite sequence

Example:

Find the three terms of the sequence.

5n
“n=7% + n?
Solution:
. 5n 5(1) 5 .
=1- = = - - =
e R A € D E
5 5n 5(2) 10 5
= - = = = = —
e T T2 T (22 8 4
5n 5(3) 15

B BT 2 T4+ (32 13
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The three terms of the sequence arel,z,g

Example:

Find the four terms of the sequence.

a, = cos (nz_n)

Solution:

Tl1=1—>a1=

a
@)
W
S
N|=|
N—
I
a
@)
W
VN

NG
Il
<

o n|F N|c=’1° oy R
,_\v N— N—

O
P

I
I
=

Q

Q

%)
/X

%)
3
~
SRIRT
II

N—
Il
o
Q
95}
VS

n2=2_>a2=

ny =3 - a3 =

n4=4—>a4=cos

Il
)
)
7

(

The four terms of the sequence ar

Example:

Find the four terms of the sequence.
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a, = (—1D)"1tan (n%t)

Solution:

n,=1-a; =(=1)""1tan (n_n) — tan (z) _ sin90

2 2

nm 2T
n,=2-a,= (—1)"+1tan( ) = —tan (—) = 0.

nm 31
N3 =3 ->az = (—1)"*tan (—) = tan (—) = 00,

2 2
) nm 41t
nga=4-a,=((-1D"""tan (7) = —tan (7> = 0.

The four terms of the sequence are ,0, «,0

Example:
- T H r +oo
Find the limit of the sequence{ }
2n+1) =1
n
y R n___ r ot
ot k1 s 2n T i) 170 T
n'n n =

~ c0s90
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Exercise:

1-Find the limit of the sequence lim VYn

n—-+oo
2-Find the four terms of the sequence.

a, = sin (nz_n)

400

3- Find the limit of the sequence {ein}

n=1

+ 0o

4- Find the limit of the sequence {2—2}

n=1

Remark:
1-)—1<sinf <1
2—=)—1<cos68 <1
3—) 0.0 =0
4y = =0

0o

Example:

Determine whether the sequence converge or diverges.

lim l cos (E)

n-co N 2
Solution:

n
—1 < cos (E) <1
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iScos(g)Sl

n n
-1 -1
1-lim —=—=0
n—oo n (0]
1 1
2—lim —=—=0
n—oo (00

n
n
lim —COS (—) = 0. convergent
n-oo N 2

Example:

Determine whether the sequence converge or diverges.

I sin2n
im
noo 1 +4/n

Solution:

—1<sin2n <1

-1 <Sin2n< 1
1+vn~ 14+vVn~ 1++n
1— lim 1 =_1=0
n-oo 1 4+/n ©

_ 1 1
2T Tevn e
lim stnan = 0. convergent
n~e 1 +4/n

monotone sequences:
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In this section we will study several techniques that can
be used to determine whether a sequences converges.

Definition:

A sequence {a, };2; is called

strictly increasing if A<, <az < <ap<--
increasingif a;<a,<a3<:-<a,<--
srrictily decreasing if a, >a, >az; >-+>a, > -
decreasing if a; =a, =>a; = --=>a, = -

Example:

Determine the monotone sequence

1,1,2,2,3.3...... increasing

1,1,1,3,1,1..... decreasing
2723’3
1231 n it _
'3 23" T T strictly increasing
1,%,%.. — srrictily decreasing
11 1 1 _ _ _ _
1, — 53T (—)ntt - Neitherincreasing nor decreasing

9. Infinite series . The comparison
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Definition:

An infinite series is an expression that can be written in
the form Xp_ i uxp = uy +up +uz + -+ +up + -+

The numbers u,, u,, us,... are called the terms of the
series.

Definition:

Let {s,, }be a sequence of the partial sums of the series
Ut uy Fug o Fu At

If the sequence {s,, }converges to a limit s, then the series
Is said to converges to s, and s is called the sum of the
series. we denote this by writing

oo
S = Zuk
k=1

If the sequence of partial sums diverges, then the series
Is said to be diverge. A diverge series has no sum.

Example:

Determine whether the series ),,—,(—1)" converge or
diverge. If it converges, find the sum.

Solution:
Sl = 1

52:1—120
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ss=1—-14+1=1
s3=1—14+1-1=0
And so.

Thus. The sequence of partial sum is

Since This is diverge sequence, the given series diverges
and consequently has no sum.

10. Ratio and Root tests. Alternating series

The ratio and root test

A e

Definition:

Let ), uy be aseries with positive terms and suppose

that p = limy,_, ; o ufi_;l

(a) series converges if p < 1.
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(b) series diverges if p > lor p = +oo.

(c) the test is inconcusive if p = 1.

Example:
k
Test the following series by ratio test. 377, =
2k+1
. (k_l_—l)Z . 2k+1 k2
p = kl_glo 2k - kl—glo (k+1)2 2k
k?
. 2k2 . 2k2
lim ——— = lim 2

koo (k + 1) kowk? +2k+1
> 1. series diverges

By: (b) series diverges if p > lor p = +oo.

Example:

1

Test the following series by ratio test. ) ;-4 R

Solution:

Example:

Test the following series by ratio test. Z,";l%

Solution:

68



The Calculus in Renewable Energy Department
Dr. Thamer AL-khafaji

Definition:

Let ). wu, be aseries with positive terms and suppose

that p = limy_ 4o y/ug

(a) series converges if p < 1.

(b) series diverges if p > lor p = +oo.
(c) the test is inconcusive if p = 1.

Example:

Test the following series by ratio test. Y7o, k*
Solution:

p = limy_ o ’i/k_k = limy_, .o k = oo. diverges
By: (b) series diverges if p > lor p = +o.

Definition:

Ifa, >0 fork=1,23,....,then the series
a,—a+taz—a, +-- Or

—aq +a, —az+ay
— -- the series is called alternating series

Convergent if the following conditional hold:

()| aql =la,l = a3 =]a,|+ -

(b) Arm+1 <0 ) Arm > 0. Vm = 1,2,3,..

(c)limy_, .o a; = 0.
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Example:

Test the following series is converge or diverge

A CEOLE

Solution:
OREDYE IR
] k 2 3 4
la; | =1[-1] =1
11 1
laz| = |45 =3
11 1
las| = 3|73
1 1
1>§>§
(b)—(b) a;=-1<0, a2=% > 0.

(©) lim (=1)¢ = =0
¢ k—1>r-|poo k_ .

(0 0] 1 .
Z (—1)* . is converges.
k=1
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11. Conditional converqges.

0

<o § 85 i
Co/‘f‘f’ 2oy, + ™% 2
&R 654/4 i
¢© CE
CLe e
NS

Maclaurin series and taylor series. And their
approximation power series.

Taylor Polynomials

T Y
Pa X = Fo+Fox-0, o0
\

11 2
\n (VD)

) [ 7 L A
Pa % = f(0)+ fiox 1 ‘°>X+...?lo>x
11:07 < 2| n!
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Definition:

The Taylor series for f atx = a is a series of the form.

© rk
r@ =Y - 0 = @)+ £ @ - o)
k=0
k
f2<')( a4 +f()(x_ o
Example:

Find the Taylor series for the function f(x) =
e* whena = 10

Solution:

f(x) =e* - f(10) = e”
f/(x) = e* > f(10) = 10
f'(x) = e* > f(10) = e1°

_ , f"(a)
T(a) = f(a) + f'(a)(x —a) +T(x —a) 4 -
k
+ f k(!a) (x —a)¥

210
T(a) =e'® +el%(x —10) + 7(x — 10)?

610
+ ?(X - 10)3 +
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T(a) = e'° [(x —10) +%(x — 10)2 +%(x —10)3

+]

(0.0)

1Mk
(@) = e10 z (x — 10)

k!
k=0

Example:

Find the Taylor series for the function f(x) =
Inx whena =1

Solution:

f(x)=Inx - f(1) =0
’ _1 I4 _
f(x)—;—>f(1)—1

-1
Fr@)=—-f0=-1

2
f/'/(x) — x3 ﬁ f’/'(l) — 2
_ : f(a)
T(a) - f(a) +f (Cl)(x - a) +T(x — a) + cee

f (@)

+k!

(x — a)"

1 2
T(Cl) :O+(x—1)—5(x—1)2+§(x—1)3+
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\' (CDH k(e — ¥

T(a) = k!

k=1

Exercise:

Find the Taylor series for the following functions

1—f(x)=i whena = —1

2 — f(x) = cosx when a =

1
3—f(x) =x? Whena=z

Maclaurin
series

Definition:

The Maclaurin series for f atx = 0 is a series of the
form.
k
T(0) = - f ()
k=0
f "(a)
2!

() = f(a) + £ (0)(x)
f"()

—— ()% + -+ (x)*
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Example:

Find the Maclaurin series for the following function

F(x) = (1 +x)2

Solution:

FG) =1+ %7 - f(0) =1

12- Differentiating and integrating power series.

Power Series

Definition:

A power series is a series of the form
(0 0]
auxk = 2 4 ... k..
Z kX =agtax +ax°+--+apgxt +
k=0

Or
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oo

D alc—ak =g+ -a) + e - a)?

k=0
+ o —a)k +
Example:
(0]
x¥
find the second terms of a power series in x Z M
k=1
Solution:
—=x+—+—+--is apower series in x
k 2 "3 P
k=1
Example:
" " " " - x
find the thired terms of a power series in x z T
k=1

Solution:

* 3
k_ =X + — + ; + --- 1S apower series in x

Example:

find the thired terms of a power series in (x — 2),

o (1) (x — 2)F
D

k=0

Solution:
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+0

i 1)k(x—2)k x—2
=1-—

+ .-+ is apower series in (x — 2).

Remark:
x3 x> x7
1—Sinx=x—3!+5!—7!
x? x* «x®
1—cosx=1—2!+4!—6'

Differentiating power series.

Definition:

If f(x) =Y ,a,x® hasradius of converges c
then:

— z ka,x*=1 also has radies of convergence c
b — f(x)is dif ferentiable on (—c, c).

c—f(x)= ) kayx** on (—c,c).
kZO .

Integration power series.

Definition:

If f(x) =Y ,a,x* hasradius of converges c then:
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oo

@ xk+l .

a— also has radies of convergence c
£t k+1

b — f f(x)dx is dif ferentiable on (—c,c).

® @ xk+
c—j f(x)dx—kz;) ) +c¢c on (—cc).

Example:

d .
Prove that — Sinx = cosx

Solution:
o x3 x> x7
SIinx = x — 3] + q — T
d = ) 3x2 N 5x*  7x®
dre >0 T 31 51 7
d ) x? N x*  x® N
—sinx =1-— — .-+ = COSX.
dx 2! 41 6!
EXxc
Prove that [ cosx = —sinx + ¢, — o <x < oo,
Example:

Express [ sin x* dx as a power series
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13-polar coordinates. Curves defined by parametric

equations.
/ - ! - g -
”~ - ~
g '
L M
/ \
/ I' \
| \
| K e |
| O& - ' >r
: L ’,
\ /
\ g
“ ”
- »

Def

A polar coordinates system in a plane consists of a fixed
point o, called the pole (or origin),and a ray emantig
from the pole. called the polar axis.

polar coordinates (r, 8%) which the first number r
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gives the directed distance from 0 to p. and the second
number 8 gives the directed angle from the initial ray to

op.

Example:

Find the polar coordinates of the point (3, 309).
Slo

p(3,30)
p(3,30 — 360)
p(—3,30 — 180)

p(—3,30 + 180)

Exce:

Find the polar coordinates of the points
1—p(5,45°)

2 —p(4,90°),

3 —p(6,270°),

Example:

Find all the polar coordinates of the point (2, 30°).
Solution:
1-whenr = 2

the angle 8 = 30 + 1.360°
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the angle 8 = 30 + 2.360°
the angle 8 = 30 + 3.360°

There fore the polar coordinates

(2,30 + 1.360%) 1 = 0,1,2,3, ...

or (2,30 +n.360°)n=0,41,+2,+3, ...
2-whenr = =2

the angle 8 = —150 + 1.360°

the angle 8 = —150 + 2.360°

the angle 8 = —150 + 3.360°

There fore the polar coordinates

(=2,—-150 + n.360°) n = 0,1,2,3, ...

or (—=2,—-150+1n.360°)n=0,41,+2,+3, ...

Thus the polar coordinates are
(2,30 +n.360°) n =0,+1,+2,43, ...
(—2,—150 + n.360%) n = 0,+1,+2,+3, ...
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Remark:

To find the Cartesian coordinate equivalent to coordinate
and rice verse, we use the following equation

1 —12% =1r%c0s%60 + r?sin?6
2 — cosO =

3 — sinf =

NRIR ]|
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4—tan9=X
X

5—x =rcosf

6 —y =rsinb

Find the Cartesian coordinate of the point p(2, 60°).
Sol

X = 1rcosf - x = 2 cos 60—>x=2§—>x=1

3

(x,y) = (1, \/§)

Ex

Find the Cartesian coordinate of the point p(2,90°).
Sol

x=1cosf > x=2cos 90->x=20-x=0

y:T‘SinH—)yZZSin 90—)y:21—)y:2
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(x,y) = (0,2)
EXxc

Find the Cartesian coordinate of the points and sketch.

1—p(=2,00).
2 — p(=2,90).
3—p (—2,%).
4—p(—¢g)

14-Tangent line and length for parametric and polar
curves. Area in polar coordinates.

84



The Calculus in Renewable Energy Department
Dr. Thamer AL-khafaji

In this section we will derive the formula required to find
slopes, tangent lines, and arc lengths of parametric and
polar curves.

Def736

We will be concerned in this section with curves that are
given by parametric equations

x=f(t) , y=g().
In which f(t) and g(t) have continuous first derivative
with respect to t.it can be proved that if dx/ dr * 0, then

y is differentiable function of x, in which case the chain
rule implies that

dy
dy _dt
dx_d_x
dt

This formula makes it possible to find Z—i’ directly from

the parametric equations without eliminating the
parameter.
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EX

Find the slope and tangent line to the unit circle.
X =cost, y=sint, 0<t<2m

At the point where t =/,

Solution:
dy
dy gt
By: = dx (*)
dt
The slope at a general point on the circle is
d
dy d_3t] _cost .
dx dx —sint €03
dt

Thus, the slope at t =t/ is
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dy

T — _
e |t=7t/6— cos /6— V3

EXx

With out eliminating the parameter.

Find % and d?y/d?x at the points (1,1) and (1,-1) on the
semicubical parabola given by the parametric equations

x=t%, y=t3,(—0<t<+w0)

Sol
d
By: dy—d_¥—3t2—3t t+0 1
Y'ooax Tdx T2t 2- 1
dt

And from (*) appliedto y = Z—i’ we have

. dy 3
d’y dy G _2 _3 @)
dx? dx dy 2t 4t
dt

Since the point (1,1) on the curve corresponds to t=1 in
the parametric equations, it follows from (1) and ( 2) that

dy = 3 p
dx =172 an
d?y 3

ez =17
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Similarly, the point (1,-1) on the curve corresponds to
t=-1 in the parametric equations, so applying (1) and
( 2) again yields

dy 3 g
dx =177 4
d?y -3

Def 740ca

If no segment of the polar curve r = f(8)is traced more
than once as 8 increases from « to fand if d’”/ do'S

continuous for a < 8 < 3, then the arc length L from
0=atof =pIis
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YA

('/[ﬁ_‘:“\_'il + : £(x )]L/\

EX

Find the arc length of the spiral r = e?in Figure between
6 =0and 8 = m.

Sol
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L= fﬂ J@)2 + (9)2d0
0

szn V2efdg =v2e 1T =+2(e’—1)~ 313
0
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